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1. Introduction. Throughout this paper D will denote the open unit disk 
(in two-dimensional Euclidean space) and C will denote its boundary, the unit 
circle. Bagemihl and Piranian [2] have introduced the following definition. 


Definition. If x eC, an arc at x is a simple arc y having one endpoint at x 
such that y — {x} C D. Let f be any function that is defined in D and takes 
its values in some metric space S. Then a boundary function for f is a function 
gy on C such that for every x e C there exists an arc y at x with 


lim f@ = ea). 


The purpose of this paper is to prove several theorems concerning boundary 
functions. These theorems include answers to two questions raised in [2] (see 
Problem 1 and the conjecture on p. 202). 

The set of real numbers will be denoted by R, N-dimensional Euclidean 
space will be denoted by R“, and the Riemann sphere will be denoted by 2. 
Points in R” will be written in the form (x, , £2, , tw) rather than 
(2, , £2 , *** , £y) (to avoid confusion with open intervals of real numbers 
in the case N = 2). Whenever we speak of real-valued functions we mean 
finite-valued functions, and whenever we speak of increasing functions we 
refer to weakly increasing (nondecreasing) functions. The abbreviations ‘‘.u.b.” 
and “g.l.b.” stand for “least upper bound” and “greatest lower bound” re- 
spectively. Finally, it should be noted that our definition of the Baire classes 
is slightly unconventional (see p. 6 and p.14) in that we consider Baire class 
a to include Baire class 8 for every 8 < a. 


2. Boundary functions for homeomorphisms. 


Definition. If E C D, let ace (E) denote the set of all points on C which 
are accessible by arcs in Æ. 
1 I would like to thank Professor G. Piranian for his encouragement. 
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Lemma 1. Let A be an arcwise connected subset of D and let B be a connected 


subset of D. Suppose that A (\ B = ¢. Then ace (A) and B have at most two points 
an common. 


Proof. Assume that p, , P2 , p3 are three distinct points of ace (A) O Ë 
and derive a contradiction. Let y, be an arc joining p; to a point q; e A, with 
yı — {p:}| GA (i = 1, 2, 3). Let y be an arc in A joining q, and qə . Putting 
Yı , Y2 and y together, we obtain an arc T joining p, to pz, with T— {p,, po} CA. 
We can assume T is a simple are, for if T is not simple, p, and p: can be joined 
by some simple are I’ C T (see [7]). Let Lı , La be the two open ares of C de- 
termined by the pair of points pı , Pe . We may assume, by symmetry, that 
Ps £ Lı . According to [6] (Theorem 11.8, p. 119), D — T has two components 
U, and U, , the boundary of U, being L, U T and the boundary of U, being 
LUT. 

Let y’ be an arc in A joining q; to a point ge r Q A. Putting 7; and y’ to- 
gether, we obtain an arc ô joining p; to q. Starting at p and proceeding along 
ô, let r be the first point of T that we reach. Let A be the subare of 6 with end- 


points at p; and r. Clearly, A — {p3} C A. We can assume (according to [7]) 
that A is a simple are. 


Since p; e Lı . ps is not in Uz . Since 


A-—{p,r} CD—-T=U0,UU0,, 


A — {ps , r} must have a point in U, . But A — {ps , r} is connected, so A — 
{pa,r} C U,. Hence A is a cross cut of U, . Let M, , M: be the two open subares 
of L, with endpoints p, , Pa and Pz , ps respectively. Let T, , Ta be the two 
closed subares of T with endpoints p, , r and p2 , r respectively. According to 
[6] (Theorem 11.8, p. 119), Uı — A has two components V, and V, , the boundary 
of V, being M, U T, U A and the boundary of V, being M: U T, U A. 

Since TU A C A, B C V,U V, U U.. Recall that p; ¢ Uz . It follows that 
since p; ¢ B, B has a point in common with V, U V, . But B is connected, 
so B C V, U V., . We see that p, ¢ V2, and therefore that B A V, + ¢ (because 
pı £ B). Hence B C V, , so p2 e V, . But, since the boundary of V, is M, U 
T, U A, p2 ¢ Vi. This contradiction proves the lemma. 


Lemma 2. There exists a countable family $ of open disks such that every 
open set U T R? can be written in the form U = U), Sn , where 8, £ Sand S, C U. 


Proof. Let {p,} be a countable dense subset of R”, and let $ be the family 
of all open disks of rational radius having some p, as center. $ is clearly countable. 
If U is an open set it is easy to show that for each x e U there exists an S, e $ 
with x e S, C S, C U. Obviously 


U = US,. 


zeU 


Theorem 1. Let f be a homeomorphism of D onto D, and let ¢ be a boundary 
function for f. Then there exists a countable set N such that ¢ |c_n ts continuous. 
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Proof. Take an arbitrary S e 8. It is easily shown that D A S and D — S 
are both connected, so f *(D A S) and f (D — S) are both connected. Given 
zo £ C, let y be any arc at zo . If 


xo ¢ace (f(D A 8)), 


then we can choose points on y arbitrarily close to x, which are not inf (D A S), 
SO 


toe D — f(D A 8) = f(D — 8). 
This shows that 
(1) C Cace(f(DO 8) Ufi(D — BS). 
Let 

F = ace (f (DO MN Af (D — 8). 
By Lemma 1, F contains at most two points, and from (1) we see that 

ace (FD A 8)) = F U (C —f(D— 8). 
Thus we have shown that for each S e $ we can write 
ace (f (DM S) = Fs U Gs, 


where F's is finite and Gs is open (relative to C). 
For any arc y at a point x on C, the cluster set C (f, y) of f along y is defined by 


Cif, y) = {we RUJ {œ} | there exists a sequence {z,} C y O D 
such that z, — x and f(z,) —> w}. 


Let 
E = {xeC | there exist arcs y; , y2 at x such that C(f, 71) O C, v2) = Q}. 
A theorem of Bagemihl [1] states that E is countable. Let 
N = E U LU F's e 


Ses 


N is countable. Let g denote the restriction of y to C — N. i 

If U is any open set, write U = U, Sa , where S, £ $, S, © U. Suppose 
xep, (U). Then g(x) = g(x) eS, forsomen, whichimplies that z eacc(f (8, QO D)). 
Thus 


ga (U) S U ace CS, O D) — N. 


On the other hand, suppose zx e ace (f~*(S, Q D)) for some n, and z ¢ N. Choose 
an arc y in f> (S, (\ D) with one endpoint at x. Clearly, 

CO. GSD CSCO. 
Since x g E, 
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g(x) = ela): Cf, Y G U, 
so ze g3 (U). Thus 
U ace AS. O D) — N G ø (U), 
so 


po (U) 


Il 


U ace (f"(S, (\ D)) —- N = U (Fs, J Gs,) — N 


I 


U Gs, — N = (U Gs) O (C — N). 


Thus, for each open set U, 3 ' (U) is an open set relative to C-N. Therefore 
pv is continuous. Q.E.D. 


3. Boundary functions for continuous functions. 


Definition. Let S and T be metric spaces. We will say the function f is 
of Baire class 1(S, T) if, and only if, 
(i) domain f = S, 
(ii) range f C T, and 
(iii) there exists a sequence {f,} of continuous functions, each mapping S 
into T, such that fa — f pointwise on S. 
We will say the function g is of honorary Baire class 2(S, T) if, and only if, 
(i) domain g = S, 
(ii) range g G T, and 
(iii) there exists a function f of Baire class 1(S, T) and a countable set N 
such that f |s_v = g |s-n. 


Lemma 3. Let f be a continuous real-valued function in D and let ¢ be a finite- 
valued boundary function for f. Let r and t be real numbers with r < t. Then 


(A) there exists a G; set G and a countable set N such that 
g(r, +°)) DGD elt, +~)) — N, and 
(B) there exists a G; set H and a countable set M such that 
g '((—», 0) DHD¢e'((-#, 7) — M. 
Proof. Let 


e = z 


’ 


(ze R | ll atts, 
n 


A, = {eer [1-1 < pl <i, 


Can 


Il 
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E, = {x eC | there exists an are y at x having one 
endpoint on C, , with y — {x} Cf “((—@, r))}, 


K = {zx eC | there exists an are y at x with 
y= {2} ST (=e ta). 
Observe that 


g` ((—%,7)) S UE, 
and 


eg (t¢—e, +) CK. 


For the time being, let n be a fixed integer. If x e K, we can find an arc yz 
at x such that 


v= (ej CSAOT Um «. +). 


Since an arc at xz is by definition a simple arc, y, — {x} is a connected set. 


It follows that y, — {x} must be contained entirely within one component 
of the open set 


A, \f '(é — e +@)). 


We denote this component by U, . U, is a nonempty open connected set. 
Let T be the set of all points of K which are two-sided limit points of En. 


Assertion. If zx, ye T and + y, then ULO U, = ¢. 

To prove this assertion we assume that z is a point of U, N U, and we derive 
a contradiction. Choose points x’ and y’ in y, — {x} and y, — {y} respectively. 
Join x to x’ by an appropriate subare of y, . Join 2’ to z by an arc in U, . Join 
z to y' by an arc in U,. Join y’ to y by a subarc of y, . Putting these arcs together, 
we obtain an are a with endpoints at x and y such that 


a ~ {z, y} C A, A f (Ci ™ €; +©)). 


We can assume that a is a simple are, for if a is not a simple arc we can replace 
a by a simple arc a’ C a having endpoints at x and y (see [7]). œ is a crosscut 
of D. Let L, and L be the two open arcs of C determined by x and y. According 
to [6] (Theorem 11.8, p. 119), D — a has two components, V, and V, , whose 
boundaries are L, U a and L, U a respectively. From the fact that Ca 1s con- 
nected and does not intersect a it follows that C, is contained entirely within 
one component of D — a. By symmetry, we may assume C, G V2. 

Since x is a two-sided limit point of #, , L, must contain a point of E, , and 
hence a point of E„ . Say w e L, O E, . There exists a simple arc 8 joining w 
to some point on Ca , with 


b — {w} Cf '((—@,n). 


B — {w} cannot have a point in common with a, because 
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æa — {x,y} S f(E — e, +)), 
and 
Fe, AO FTE S e +e) =¢. 


Thus C, U (6 — {w}) is a connected set not meeting a. C, U (8 — {w}) meets 
V,,s0 C, U (B — {w}) C V: . Consequently, w is in the boundary of V». 
But this is a contradiction, because w e L, and the boundary of V2 is L, U a. 
This proves the assertion. 

From the assertion it follows immediately that T is countable; for any 
family of disjoint nonempty open sets is countable. We know that the set S 
of all points of #, which are not two-sided limit points of F, is countable. 


KONE, =([KAS|\VIKNG, - 8] =(KNS) UT. 
This shows that (for any n) K A EL, is countable. So if we let 


N=KO UZ, = U KNAB), 
then N is a countable set. Let 
G=C- UE.. 
G is a G; set. Using the fact that 


e((-#,)) SUES UE, 


we find that 
0- (-»,9) 20- UB=G2K-N. 
But 
C— 9 "((— 2,7”) = (lr, +) 
and 
K 2 g(t — e +%)) De" (lt, +&)), 
so 


g(r, +2) 2G62K-N D glt, +2) —N. 


This proves (A). To prove (B), simply replace f and ¢ by —f and —g, and 
apply (A). 


Theorem 2. Let f be a continuous real-valued function in D, and let y be 
a finite-valued boundary function for f. Then ¢ ts of honorary Baire class 2(C, R). 


Proof. For each pair of rational numbers r and ¢ with r < t, choose G; 
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sets G(r, t), H(r, t) and countable sets N(r, i, M(r, t) such that 
g(r, +e) DG’, ) 2 gl, +2) — NG, t), 
and 
eg ((- ©, t}) > H(r, t) = T a r}) = Mr, t). 
Let 


N = U Nç, ġ U Me, dD), 


where the union is taken over all pairs of rationals r, t with r < t. N is countable. 
Let o denote the restriction of to C — N, and let G*(r, t) = G(r, t) — N 
Since every countable set is an F, set, G*(r, t) is a G; set. Observe that 
(2) go (r, +e)) = ¢ (fr, +2) — N 2 G@, 2) 

> ¢'([t, +2) — N = go ([t, +)). 


If ¢ is a fixed rational number, let {r,} be a strictly increasing sequence of 
rational numbers converging to t. Then, by (2), 


n == 


: go (irn, +œ)) D N G*(r, , 4) D go (lt, +~)) = ("| go (irn, +©)), 


SO 


go (lt, + )) = NG. 0 


This proves that for every rational t, ¢7*([é, + © )) i is a Gs set. 
If u is any real number, choose a strictly increasing sequence {t,} of rational 
numbers converging to u. Then 


gln +2) = AN elh, +o), 


so 0) ([u, +œ)) isa Gs set. By a similar argument, we find that g3 ((— œ, ul) 
is a G; set for every real u. So 


po (u, +œ)) = (C = N) AC — g ((— œ, u))) 


is the intersection of an F, set with C — N. By a theorem stated on p. 309 
of Hausdorff’s paper [5], go can be extended to a real-valued function ¢, on 
C such that for every real u, yi ([u, +)) is a Gs set and g/*((u, +©)) is 
an F, set. By Theorem IX of the same paper, ¢, is of Baire class 1(C,, R). Since 
v(x) = ¢,(x) except for xe N, g is of honorary Baire class 2(C, R). Q.E.D. 


Corollary. Let f be a continuous function mapping D into R”, and suppose 
o : C — R” is a boundary function for f. Then ¢ is of honorary Baire class 2(C, R”). 


Proof. We simply write our functions in terms of their components, say 
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f= fi, fz,” , Ín), and p = (pı P23, °°" , ỌN). 


Obviously ¢; is a boundary function for f; , and so is of honorary Baire class 
2(C, R). We choose a function g; of Baire class 1(C, R) which agrees with g; 
except on a countable set M; . Setting 


g = (Ji, J2, , JN» 


it is clear that g is of Baire class 1(C, R”), and that g agrees with ¢ except 
on the countable set UY, M: . Hence ¢ is of honorary Baire class 2(C, R“). 
Q.E.D. 


Lemma 4. Let g be a continuous function mapping C into R*. Let q be a 
point of R? and let e be a positive real number. Then there exists a continuous 
function g* : C — R? such that q does not lie in the range of g*, and for all x e C, 


gz) — ql Z e= gl£) = g*(2). 
Proof. Let 
S = {ye R | ly — ql < e}. 


If g(C) C S, let g* : C — FR? be any continuous function whose range does 


not include g. Otherwise, g~'(S) is a proper open subset of C and hence can 
be written in the form 


g (8) To Ui, 
where 
Is = fe" |a < t< b}, 
and 
k+l>1,0.\ 1, = 9. 


Since g™*({q}) is a closed (and therefore compact) subset of g~*(S), g~*({q}) is 
covered by a finite number of J,’s. Say 


gq) CLULU-::-UtI,. 


The endpoints e** and e*** of I, are not in g~’({q}), so we can construct, for 
each k, a continuous function g, : J, — R? such that 


ge) = ge), ge) = ge), 
and q is not in the range of g . Define 
g*(z) = g(x), £ xeC-—-GULvU-:---UdLD), 
g*(z) = g.(z), if gely k=1,-+-- n. 
It is easy to show that g* has the desired properties. 


Theorem 3. Let f be a continuous function mapping D into the Riemann 
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sphere È, and let y be a boundary function for f. Then ¢ is of honorary Batre 
class 2(C, 2). 


Proof. Since = is a subset of R’, the corollary to Theorem 2 shows that 
y is of honorary Baire class 2(C, R*). Let g be a function of Baire class 1(C, R°) 
which differs from ¢ only on a countable set N. Then g(C) — is countable, 
so there exists a point q inside of Z (that is, in the bounded open domain de- 
termined by £) which is not in the range of g. Let {g,} be a sequence of con- 
tinuous functions converging to g. By Lemma 4 we can find (for each n) a 
continuous function g* : C — R? such that q does not lie in the range of g* , 
and for all x e C, 


lg.(z) — q| 2 Io Gn(z) = g°i(2). 


It is easy to show that g* — g. 

We define a function P as follows. If a e R? — {q}, let l be the unique ray 
with endpoint at q that passes through a, and let P(a) be the intersection 
point of l with =. Obviously, P is a continuous mapping of R? — {q} onto Z, 
and P fixes every point of 2. Therefore 


P(g(x)) = og), if zN, 
P(g*(x)) is a continuous function from C into £, and 
P(gi(t)) > P@z)) as no. 
This shows that ¢ is of honorary Baire class 2(C, 2). Q.E.D. 


4. Boundary functions for Baire functions. In this section we concern 
ourselves only with real-valued functions. We shall prove that a boundary 
function for a function of Baire class a = 1 is of Baire class a + 1. It is convenient 
to prove this theorem for functions that are defined in the (open) upper half- 
plane and have boundary functions defined on the x-axis rather than for func- 
tions defined in D. Once the theorem is proved in this form it is a routine com- 
putational matter to show that it also holds for functions defined in D. The 
reader should be familiar with the results of Hausdorff [5] before reading this 
section. Unfortunately, we must begin with some tedious preliminaries. 

Let 


D’ = {(z, y) |z, yeR, y > 0}, 
C= {(z, 0) | z e R}, 
C= (ES rer} ; 


Ao = {ev |e yeR,O<y <H} 


We will regard C° as being identical with R. 
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Suppose S is a metric space. Let Gs be the class of all open sets of S and 
let Fs be the class of all closed sets of S. 


A function f : © — R is of Barre class 0 if and only if it is continuous. For 
any ordinal number a > 0, f is of Baire class a if and only if f is the pointwise 
limit of a sequence of functions each of Baire class less than a. 

Let Ms denote the class of all sets M Z S such that 

M = f(r, + )), 
for some real rand some function f of Baire class a on S. Let Ng denote the 
class of all sets N C S such that 

N = f(r, +©)), 


for some real r and some function f of Baire class a on S. It is easily shown 
that Ws = Gs and Ny = Fg. 
Let 


G ars Gco üg Gr ’ 
F => Foo = Spr ’ 
m7 = Mos = Wee ’ 
n 5 ce = Ops 
If © is any class of sets, let ©, denote the class of all countable unions of members 
of O, and let ©; denote the class of all countable intersections of members of 0. 
Each of the following facts is either explicitly stated in [5], or can be easily 


deduced from statements found in [5], or is obtained by a routine transfinite 
induction argument. 


I. Mis s (U Is) 6 ’ Ns =x (U Nx)es . 
<a <a 


II. Let A be any subset of the metric space S. If f is a function of Baire 
class a on S, then f |, is a function of Baire class a on A. 

III. Let f be a function of Baire class a whose domain contains {(z, b} | x e R}. 
Then f(/x, b)) is a function (of x) of Baire class a. 

IV. If A CS, then 


mi = {M O A | M ems}, 
Ni = {NOAA|Ne 5}. 
V. If f is of Baire class a on S, then for each real r, 
F(= ©, 7) e M5, 
and 
f"(-—, res. 
VI. If a = 2, then (Gs) U (Fs) © MEM NF. 


ees 
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VIL Heng OS — Ee M3. 

VIII. MZ and NZ are closed under finite unions and intersections. Wg is 
closed under countable unions and N% is closed under countable intersections. 

IX. Let f be a real-valued function on S. Suppose that for every real r 


f(r, +e)) e Ns , 


and 


f(r, +e)) e Ms. 
Then f is of Baire class a. 


Definition. If A and B are two sets, we will call A and B equivalent, and 
write A ~ B, if and only if A — B and B — A are both countable. It is easily 
verified that ~ is an equivalence relation. 


Lemma 5. If A ~ E, then S — A ~ S — E for any set S. If An ~ En, (for 
all n in some countable set N), then 


UA, ~ UE, and A4, ~ ANE.. 


neN neN neN neN 


The proof of this lemma is routine. 


Definition. An interval of real numbers will be called nondegenerate if it 
contains more than one point. 


Lemma 6. Any union of nondegenerate intervals is equivalent to an open set. 


Proof. Let g be a family of nondegenerate intervals and let H = Us. For 
any x and y let 


I(x, y) = [z,y], f xz Sy, 
and let 


IIA 
8 


I, y) = [y, z], if y 
Define a relation & on H by 


aky > Ie, GH, (ye). 


It is easy to show that & is an equivalence relation on H. In view of the fact 
that a set A of real numbers is an interval if and only if 


x, ye A => Iz, y CA, 


it is obvious that each equivalence class is an interval. For each x e H, there 
exists an I e g with x e I. Every member of I is equivalent to «. Thus each 
equivalence class contains more than one point, and hence is a nondegenerate 
interval. Let {Ja} be the family of equivalence classes. Any disjoint family 
of nondegenerate intervals is countable, so there are only countably many J ,’s. 
Let E be the set of all endpoints of the various J,’s. Then E is countable and 
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H = UJ ~ UJ. -E = Us, 


where J* is the interior of Ja . This proves the lemma. 


Lemma 7. Let h be an increasing real-valued function on a nonempty set 
E C R. Suppose that |x — h(x)| S 1 for every x e E. Then h can be extended 
to an increasing real-valued function h, on R. 


Proof. Let e = g.l.b. E (e may be — œ). For each x e (e, +œ) set 


h(x) = lub. {h(z) | ze(— œ, z] OE}. 
Since |z — A(x)| < 1 forall z e E, 


xe l— o, zt] OE =h) Szr +l, 


— 


so h, is finite-valued. If e = — œ we are done. If e > — œ, then x e E implies 
h(x) = e — 1, so h is bounded below. For £o e (— œ, e] set 


hy(2o) == g.l.b. { h(x) | x eE} . 
It is easily verified that h, has the desired properties. 


Lemma 8. Let f be a real-valued function of Baire class a on R. Let h be 
an increasing real-valued function on R. Set g(x) = f(h(x)). Then there exists 
a countable set N such that g |r-u ts of Baire class a. 


Proof. It is well known that an increasing function has at most countably 
many discontinuities. Let M be the set of discontinuity points of h. If f is 
of Baire class 0, then g is continuous at all points of R — M, so g |r-m is of 
Baire class 0. This proves the lemma for the case a = 0. 

We now proceed by transfinite induction. Suppose the lemma holds for 
every ordinal `X < a. If f is of Baire class a we may choose a sequence of func- 
tions {f,} converging to f, where f, is of Baire class), < a. If we set g,(v) =f, (h(x)) 
it is clear that g,(x) — f(h(x)) = g(x). By the induction hypothesis we may 
choose (for each n) a countable set N,, such that g, |z-y, is of Baire class M . 
Let N = \U?_, Nn . Then g, |z- is of Baire class M, , and since gn |r-v > g |r-w, 
g | r-n is of Baire class a. This proves the lemma. 


Theorem 4. Let f be a real-valued function of Batre class a = 1 on D°, and 


— 


let p be a finite-valued boundary function for f. Then ¢ ts of Baire class a + 1. 


Proof. Let rand t be two real numbers with r < t. r and t will remain fixed 
throughout the first part of the proof. Set 


P = g `((—%,r]), 
Q a p` ([t, +œ)), 
E =PURQ, 


Ler 
4 


e = 
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Observe that P A Q = ¢. For each x e E, choose an arc y, at x such that 


lim f(@) = (x), YS {z| le —2| S 1}, 


zEV 2 


and 
(a) fa.) G(--,r+e, if reP 
(D) fx.) E (t— e +o), if reQ. 


(This is accomplished by cutting the arc off sufficiently close to x.) We remark 
that if x e P and y e Q, then y: O Y, = ¢. 

We will say that y, meets y, in A° provided that y, and y, have subarcs 
y} and y? respectively such that x e y} C A? , yey, C A and yL AO y! + ¢. Let 


Lo = {xe P | (yn)@y + x)(y. meets y, in A?)}, 
L, = {x eQ | (vn) (y + 2)(y. meets y, in An)}, 
M, = {x eP | (an) (y meets no y, (y + x) in 9}, 
M, = {x eQ | (an)(y. meets no y, (y + x) in A°)}, 
L = LV L, 

M = M, U M.. 


Observe that Lo , Lı , Mo , M, are pairwise disjoint, and that P = L U Meo 
and Q = LU M,. 

For each x e M, let n, be an integer such that y, meets no y, (with y + 2) 
in A$, . Notice that n = n, implies y, meets no y, in A? . Let 

K, = {xe E |y, meets C9 , and if x e M, n, S n}. 

Clearly E = U2, Kan. Moreover, K, C K n41 for each n. 

Take any fixed integer n. For each x e Lo we can find a y + x such that y. 
meets y, in A? . Let I} be the nondegenerate closed interval between z and y. 


We shall show that I? C L, U (C° — K,). If t e I? , either te C° — K orte Kn. 
Suppose te K,. Then y, meets C2, and (if te M) n, S n. It is clear from Figure 1 


— 


that y; must meet either y, or y, in Å? . (This can be rigorized by means of 
Theorem 11.8 on p. 119 in [6].) 


Cr 
vx 
Cc” 


Fiqaurs 1, 
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Consequently, t g M. Now x e Lo G P, so since y, intersects y, , y g Q. So 
yg E — Q = P. Similarly, since y, meets y, or y,, te E — Q = P. Thus łe P — 
M = L, . We have shown that t e I? implies that t e C° — K, or t e Lo , so 


I? C La U (C° — K,). It follows that (for each n) 
Lo S (U T) O E G [L U (C — K) O E. 
zelo 


Let W, = U.. L 1; . By Lemma 6, W, is equivalent to an open set. 
EC (a w.) NDE 
n=l 


si [Ly U (0° -KVAR = lnU Nc -KAE 


n=] 


n=l 
Therefore Lo = ((-\R-1 Wa) O E. Since each W, is equivalent to an open set 
there exists a Go £ G, such that 


Lo ~ Go NE. 
Similar reasoning shows there exists a G, e G, such that 
L,~G, OVE. 


Next we study the properties of Me . It is convenient to define a function 
r : R? — R by r((z, y)) = x. If x s M O K, , then, starting at x and proceeding 
along y, , let o„(x) be the first point of C? reached. Set h}(x) = m(e,(£)) (for 
xe M O Ka). 

h? is an increasing function on M N K, ; for if xı , t2 £ M O K, and 2, < z2, 
then, since y,, cannot meet Yz, in A? , it is evident (see Figure 2) that r(0,(£1)) < 
w(o,(t2)). (The argument can be rigorized by means of Theorem 11.8 on p. 119 
in [6].) Since 


Ya G fz |l — z| <1}, |e — ha] S 1. 
So by Lemma 7 k? can be extended to an increasing function h, on C°. 
sn ( x) 


fm Xa) 


FIGURE 2. 
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asta) = Ao, D) 


po (CO 3) = f(o.(a)). 


If « e M, then for all sufficiently large n, x e M A K, , so 


Let 


Forze Mf) K,, 


lim g,() = lim f(o,(%)) = ¢(@). 


Thus gn la — ¢ |u . By III, f(<x, 1/n)) is a function (of x) of Baire class a, 
so by Lemma 8 we can choose, for each n, a countable set N, such that gn |co_w, 
is of Baire class a. Let N = UE N, . Then gn lw—w is of Baire class a. But 


Qn |\u-v > ¢ |u-n , 80 ¢ |xz-w is Of Baire class a + 1. 
Now 


POM — N) = (p |u-w)"(-— , r) = TO (M-N), 


where T e 9t°** (by IV and V). Clearly PO M~ TO M. 
We have 


L=LYV~QMOaAMNUGO EL) = (GUG)O £, 
so L~ G A E where GG; . Also 
R= PAMaI Ars TAESD 
~TO[E- GOB) =(TAC-OIOE. 
Since G e S; , C° — G £ F, , so by VI and VIII, T A (C° — GQ) e X***. Thus 
M,~T. CVE, 


where T, e 3(***. Now we can examine the properties of P. 
P = LU M ~ (Q&A E) U (TRAE) = (GUT) A E, 
so, again by VI and VIII, 
PARAF 


where T, e X*+. Since a countable set is in F, and the complement of a countable 
set is in G; , it is easy to show (using VI and VIII) that 


P= T OEF, 
where T, e N+. Since POA Q = 4, 
P = Tə = Cc a Q. 


Remembering the definitions of P and Q, and observing the fact that C° — 


ye (it +2)) = g ((—œ, i), we can summarize the results of the first part 
of the proof as follows. 
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For each pair r, t of real numbers with r < t, there exists a set T(r, t) e N“ 
such that 


g` ((— Ry r]) C T(r, t) C eg ((— o, t)). 


Given any real r, let {t,} be a strictly decreasing sequence of real numbers 
converging to r. Then 


Fesai A Pe 
So 


e,r) E A Te, t) E NE e, td) = (#1), 
and hence 
e(- e,r) = fÀ Te, f): 
By VIII, 
o` ((= 9, T) em", 


Since f is an arbitrary function of Baire class œ in D° and ¢ is an arbitrary 
boundary function for f, we can replace f, 9, r by —f, —ẹ, —r to find that 


g'([r, +e)) e n. 
Also, 
g(r, +2)) = C — e™((— o, r) e m. 
By IX, ¢ is of Baire class a + 1. Q.E.D. 


5. Boundary functions for measurable functions. 


Theorem 5. Let f be a real-valued Borel-measurable function in D° and let 
gy be a finite-valued boundary function for f. Then ¢ ts Borel-measurable. 


Since every Borel-measurable function is of some Baire class a, this theorem 
is an immediate consequence of Theorem 4. We now show that a boundary 
function for a Lebesgue-measurable function need not be Lebesgue-measurable. 

Let u denote Lebesgue measure on R and let u” denote Lebesgue measure 
on R’. Let u, denote exterior Lebesgue measure on R; that is, 


u.(E) = g.l.b. {u(G) | Gis open and E C G}, 
for any set E C R. 


Lemma 9. Let h be an increasing real-valued function on a set E C R. Then 
there exists an open interval I D E such that h can be extended to an increasing 
real-valued function on I. 
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Proof. If E is unbounded below, set a = — œ. If E is bounded below, set 

a= glb. E, if (g.b. L) ¢ E, 
a = (g.l.b. E) — 1, if (glb. FE) e E. 

If # is unbounded above, set b = +œ. If E is bounded above, set 
b = Lub. E, if (lu.b. E) ¢ E, 
b = (lu.b. E) +1, if (dub. E) e E. 

Let I = (a, b). Clearly E C I. Let e = g.l.b. E (e may be — ©). For zx, e (e, b) set 
f(a) = Lu.b. {A(x) | x e (a, z] O E}. 


If e = a we are done. If e > a then e e E. For x, e (a, e] set f(xo) = h(e). It is 
easily verified that f is finite-valued and increasing, and is an extension of h. 


Lemma 10. Let E C R bea set of measure 0 and let h be an increasing function 
on E. Suppose h(E) has measure 0. Then {x + h(x) | x e E} has measure 0. 


Proof. Extend h to an increasing function g on an open interval J = (a,b) D E. 
Set g(a) = — œ and g(b) = +o. Take any e > 0. Choose an open set G such 
that I D G D E and u(G) < ¢/2. Choose an open set H D h(E) with (H) < €6/2. 
Say 


G= UIL, ad H= UJa, 


neN me M 


where {I, | n £ N} and {Jm | me M} are countable families of disjoint open 
intervals. Let J, = (a, , bn), and observe that a, , b, e [a, b]. Set 


S = U {9(a,), g(b,) } g {—o, +o}. 


neN 


Notice that S is countable. Set 


K, = (g(an), g(b,)) « 


One can easily verify that k + n implies K, O Kn = ¢. 
If A and B are two subsets of R, let 


A+B= {at blaeA, beB}. 


It is easy to show that for any two intervals J and J’, (J + J’) S uJ) + uJ”). 
Let W = {x + h(x) |ve EF}. 


Assertion. 


WC(E+S8)U UYU [Tn OA GI) + Im O K,)]. 


To prove this, let w be an arbitrary point of W. Write w = x + h(x), where 
x e E. For some n, x e J, . Since g is increasing, 
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h(x) = g(x) £ [g(a,), gOn)I. 


If h(x) equals g(a,) or g(b,), then A(x) £ S, sow = x + h(x) E + S. On the 
other hand, suppose h(x) + g(a,), g(b,). Then h(x) e K„ . Also, g(x) = h(x) e Jm 
for some m. Thus A(x) £ Jm O K, and z e I, O g` (Jm), so that 


= g + hla) e Tn OA J (In) + Jn O Ka). 


This proves the Assertion. 

Since g is increasing, g`’ (J m) is an interval, so both I, O g> (J m) and Jn O Ky 
are intervals. Also note that m + 1 implies g“(J,.) O g'(J.) = ¢. By the 
Assertion, 


uW) S EHO HE L elle 0 TI) + Tn A K) 
S aE + S) HL D eE O gI) + an O K) 
=u 6 +E) + EIL uO TI) + E wa O K) 
S Èn +E) + D ul) + D un AO K) 
=O0+ HG) + 2) 2o un O K.) 


neN me M 


= WG) + 2) Dd) wm O K,) 


meM neN 


<u) p» un) = WG) + u(H) < e. 


Since e is arbitrary, u.(W) = 0. 


Lemma 11. Let L = {(x,a}| xE} and M = {(a, b} | xe R} be two horizontal 
lines in R”. Let E be a set of (linear) measure 0 in L and let F be a set of (linear) 
measure O in M. Let £ be a set of closed line segments such that 

(a) Si, S2 £ £, S81 F S82 => 8 ANS =o 

(b) se £ = one endpoint of s lies in E and the other endpoint lies in F. 

Let 8 = Uh.s s. Then u?(S) = 0. 

Proof. Assume without loss of generality that b > a. For any (z, y) e R? 

let r((x, y)) = x. For any ye R let l, = {(2, y) | x e R}. Let 


E, = {ze E | zis the endpoint of some s e £}, 
and observe that E, has linear measure 0. For any set A C R?” we of course set 
r(A) = {we R| (x,y) A forsome ye R}. 


We define a function A on r(E,) as follows. If x e r(Z)), then (z, a) e Eo, 
so we can choose a (unique) segment s e £ with one endpoint at (x, a). If the 
other endpoint of s is p, we set h(x) = a(p). Clearly h maps w(/i,) into r(F). 
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Since the segments in £ cannot intersect each other, h must be an increasing 
function. 


Take any yp with b > Yo > a. Let c = b — yo, d = Yo — a. A simple computa- 
tion shows that if q e l, O S, then 


_ cx + dh(z) 


m(q) AT ae 


for some x e r(E,). So 


cx + dh(x) 
rn N 8) c {ete 


Le Ba: 


Now (d/c)h(x) is an increasing function mapping 7(E,) into (d/c)r(F), so by 
Lemma 10 


p + d h(x) | xe rE} 


has measure 0. Hence 


tale tino rena} = (z+ dite 


has measure 0, so u(r(l,, O S)) = 0. But u(r(l,, O S)) = 0 also when yo ¢ (a, b), 
so w(r(l, (\ S)) = 0 for every y. If we knew that S were measurable, the lemma 
would follow immediately from the Fubini theorems. But since we have, as 
yet, no guaranty of the measurability of S, a more complicated argument is 
necessary. At several stages in the argument the reader will find it useful to 
draw diagrams to help him visualize the situation. 

For any yı , Y2 e R, let 


£e (Eo) 


Uly, Y2) = {x,y} |e y e R, Yı < y <y}. 


A set of the form U (y, , Y2) will be referred to as a horizontal open strip. 
For each positive integer n, let £(n) denote the set of all segments s e £ 
such that s has a point in common with {(z, b) | x e (—n, n)}. Let 


so) =U 1A Ufa +E, 0-4). 


Since l, and l, have (plane) measure 0, and since 
SCLULUUS®, 
n=1 


it is sufficient to show that each S(n) has measure 0. 

Let n be a fixed positive integer. Set a* = a + 1/n and b* = b — 1/n. Take 
any e > 0. Choose e so that 2e + & < «/(b — a). Let yo be any member 
of [a*, b*]. For the time being, yp will be held fixed. 
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For each s e £, let p, be the endpoint of s on l, , let q, be the intersection 
point of s with l,, , and let r, be the endpoint of s on la. 
Choose an open set G C R such that r(l,, O S(n)) C G and u(G) < ©. 
Say G = (J; I;, where I; = (a; , b;) and the J; ’s are pairwise disjoint. We 
may assume that each J; contains a point of r(l,, O S(n)). For each j, let 


c; = gl.b. {r(p,) |seL(n), rq.) £ L3}, 
d; = Lu.b. {r(p,) | s£ (n), w(q.) £ I;}, 
c; = g.lb. {r(r,) |se Ln), rlg.) e I;}, 
d; = lu.b. {r(r,) |se (n), wg.) e I;}. 


Note that c; < d; and ci < d; . Since the segments in £ cannot intersect each 
other, it is easily seen that the intervals (c; , d;) are all pairwise disjoint. It 
is also clear (from the definition of £(n)) that each (c; , d;) is a subset of (—n, n). 
Hence, if we set a; = d; — c; , we have So; a; S Qn. 

For each j, let s(j) be the line segment joining the two points (c/ , a), (c; , b}, 
and let t(j) be the line segment joining the two points (dj , a), (d; , 6). Let A; 
be the closed subset of U(a, b) which is enclosed by the two line segments 
s(j), t(j). Let H; denote the intersection of A; with the horizontal open strip 


yV = U(max {a Yo = a) , min lo, Yo + a 


Note that H; is measurable. Setting H = (J; H; , it is clear from the definition 
of the A,’s that 


Sin) VV CH. 
Take any y e R. We wish to show that 


€ 
ur(H OID < TE 
We can, of course, assume that 


ye (max a, Yo — S) , min fo, Yo + at): 


An elementary computation, using the geometrical properties of H; , shows that 


oH, AI) s (1+ Blaa) + o Pow. 


Yo 


Therefore 
aH OL) S E aH: A L) 


(1 + Ha) 2- w(Li) + >l È a; 


i 


IIA 
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< (1 4 u= ul) uo) $ =l Qn 


A 


(1 +n) + fp 


€ 


b— a’ 
so u(r(H OA l,)) < ¢€/(b — a) for every y. 


We have shown that for each yo e [a*, b*] there exists a horizontal open strip 
V(yo) containing l,, , and there exists a measurable set H(yo) E V(yo), such that 


S(n) O V (yo) © H(yo) 
and (for every y) r(H (yo) O l) ts measurable and 


IA 


2 te< 


wr(H (yo) N L) < p= 


The various open strips V(yo) (yo e [a*, b*]) clearly cover the compact set 
{(0, y) | y e [a*, b*]}. Choose a finite subcovering V(y,), V(y2), --- , V (Ym). Set 


ez Ee U U (aw) = U vw) | N Ula, b*). 


Obviously K is measurable, and for each y, w(K A L) is measurable and 
ulr(K O 1,)) < «/(6 — a). Moreover, S(n) C K. We have 


b* be 
A = € E T € 
PE = | END f yii -gyi e 


Since e is arbitrary, this shows that 
g.l.b. {u (K)| K measurable, S(n) C K} = 0. 


Therefore S(n) has measure 0. 


Lemma 12. For every e > O there exists a strictly increasing function h on 
R such that h(R) has measure 0, and for every x, |x — h(x)| S «e. 


Proof. For each (not necessarily positive) integer n, let J, = [ne, (n + 1)e]. 
Then UJ, J, = R. There exists a strictly increasing function f : [0, 1] — [0, 1] 
such that u(f([0, 1])) = 0. For example, such a function may be defined as 
follows. Any number in [0, 1) may be written in the form 


60,0203 *** An °** , (binary decimal), 
where the decimal does not end in an infinite unbroken string of 1’s. Set 
f(.a;a2a3 *** an -*+) = .bibaba --+ Da --+ , (ternary decimal), 


where b; = 0 if a; = 0 and b; = 2 if a; = 1. Set f(1) = 1. f maps [0, 1] into 
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the Cantor set, so u(f({0, 1])) = 0. It is easily shown that f is strictly increasing. 
For each n, it is easy to obtain from f a function f, : J, — I, such that fn 
is strictly increasing and u(f,([,)) = 0. Set 


h(x) = falx) for we (ne, (n+ 1)é]. 
There is no difficulty in proving that h has the desired properties. 


Theorem 6. Let p be an arbitrary function on C° = {(x, 0) | x e R}. Then 
there exists a function f on D°? = {(x, y) | y > 0} such that f(z) = 0 almost every- 
where and ọ is a boundary function for f. 


Proof. For each positive integer n let h, be a strictly increasing function 
on R such that u(h,(R)) = 0, and for every z, |x — h,(x)| < 1/n. Let 


E, = (ne), 4) j eR} 
ct A TN 


and E, has linear measure 0. For each n, x let s„(x) be the line segment joining 


(h,(x), 1/n) and (hn+1(£), 1/(n + 1)). Since 
h, (a) > h,(2’) => g > 7 > Iasi (x) > ħha+a(z’), 


we find that x + x’ implies s„,(£) A s,(z’) = @¢. Since each s,„(x) has one endpoint 
in #, and the other in En+ı , Lemma 11 shows that for each n 


PU s) = 0. 


E, is a subset of 


Hence 


“(UW Usa) = 0. 


n=1 xeR 


Set 
f(z) = (x, 0)), if z e s„,(x) for some n, 
f(z) = 0, if zg is not in any s(x). 


f(z) = 0 almost everywhere. Let 


va) = {(2, 0} U Usl). 


Since the endpoints of s,(x) are at (h,(x), 1/n) and (hn+:(£), 1/(n + 1)), and 
since (h, (x), 1/n) — (z, 0) as n — œ, it is clear that y(x) is an arc at (x, 0). 
Obviously 

"m f@) = g(x, 0). 


z—(x,0 
zey (x) 
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This proves the theorem. 


Corollary. There exists a measurable function in D° having a nonmeasurable 
boundary function. 


6. Concluding remarks. Our theorem on boundary functions for continuous 
functions could have been proved by a small modification of the argument 
in Section 4, but the proof in Section 3 is shorter and neater. 

The reader may wonder whether Theorem 4 holds true for functions taking 
values on the Riemann sphere as well as for real-valued functions. The theorem 
does, in fact, remain true in the sphere-valued case. If we regard the Riemann 
sphere 2 as a subset of R? and apply Theorem 4 to each component of f and g, 
we find that ¢ is of Baire class a + 1 with R? as the universal range space. 
It is then easy to show by means of Satz 2 in Banach’s paper [8] that ¢ is of 
Baire class a + 1 with £ regarded as the universal range space. A similar pro- 
cedure shows that Theorem 5 also remains true for functions taking values 
on the Riemann sphere. 

The results of Sections 2, 3 and 4 cannot be extended to three dimensions—at 
least not in the most obvious way. We can show this as follows. Let K be an 
open cube in R? and let F be one face of K. If f is defined in K, then we say 
y (defined on F) is a boundary function for f provided that for each x e F there 
exists an arc y with one endpoint at x such that y — {x} C K and 


lim f@) = (2). 
ey 
Lemma 13. Suppose that every point of F is an ambiguous point of the func- 
tion f : K — R*. Then f has a nonmeasurable boundary function. 


Proof. Let E be a nonmeasurable subset of F. Since each point of F is an 
ambiguous point we can choose, for each x e F, two distinct points ¢,(x), ¢2(x) £ R? 
such that there exist ares y; at x with 


lim f@) = g(x), (@ = 1, 2). 


wz 
vEYi 


Let 
p(x) a p(x) ’ if ve E, 


olz) = g£), f zveF -— E. 
Then 
g(a) — y) = 0, if vel, 
elx) — p2) +0, if re PF —E. 


Therefore (yẹ — y) ({0}) = E, so ¢ — g, is not a measurable function. Hence 
either ¢ or g, is a nonmeasurable function. Since ¢ and g, are both boundary 
functions for f, the lemma is proved. 
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P. T. Church [4] has constructed an example of a homeomorphism f from 
K onto K such that every point of F is an ambiguous point for f. By Lemma 13, 
f has a nonmeasurable boundary function ¢. Theorem 1 is therefore false in 
three dimensions. Write f and ¢ in terms of their components; say f = (fi, fe, fs) 
and y = (¢1 , ¢2 , ¢3). Since y is nonmeasurable, one of its components, say 9; , 
is nonmeasurable. But ¢; is a boundary function for the continuous real-valued 
function f; , so Theorem 2 and Theorem 4 must be false in three dimensions. 
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